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Abstract 

A vertex v G V{G) is said to distinguish two vertices G V{G) of a nontrivial 
connected graph G if the distance from u to x is different from the distance from v to 
y. A set 5 C V{G) is a local metric generator for G if every two adjacent vertices of 
G are distinguished by some vertex of S. A local metric generator with the minimum 
cardinality is called a local metric basis for G and its cardinality, the local metric 
dimension of G. It is known that the problem of computing the local metric dimension 
of a graph is NP-Complete. In this paper we study the problem of finding exact values 
or bounds for the local metric dimension of strong product of graphs. 

Keywords: Metric generator; metric dimension; local metric set; local metric dimension, 
strong prodnct graph. 

1 Introduction 

A metric generator of a metric space (X, d) is a set S' C X of points in the space with the 
property that every point of X is nniqnely determined by the distances from the elements 
of S. The metric dimension dim(X) of (X, d) is the smallest integer t such that there is a 
metric generator of cardinality t. A metric generator of cardinality dim(X) is called a metric 
basis of X. 

The concept of metric dimension of a general metric space hrst appeared in 1953 in 
[5], but it attracted a little attention, except for the case of graphs. Given a simple and 
connected graph G = (V, E), dehned on the vertex set V and the edge set E, we consider 
the function dc : V X V —t N U {0}, where dc^x, y) is the length of a shortest path between 
u and V and M is the set of positive integers. It is readily seen that {V, do) is a metric space. 

The notion of metric dimension of a graph was introduced by Slater in [2^, where the 
metric generators were called locating sets. Harary and Melter independently introduced the 
same concept in la, where metric generators were called resolving sets. Applications of 
this invariant to the navigation of robots in networks are discussed in [TH] and applications 
to chemistry in [Miin]. This invariant was studied further in a number of other papers 
including, for instance [H [5l [6l [9l [12], [151 [13 [25] [28]. Several variations of metric generators 
including resolving dominating sets [1], independent resolving sets [7|, local metric sets [20] . 
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strong resolving sets [26], A:-metric generators [8], simnltaneons metric generators ED , etc. 
have since been introdnced and studied. 

In this article we are interested in the study of local metric generators, also called local 
metric sets [20]. A set S of vertices in a connected graph G is a local metric generator for 
G if every two adjacent vertices of G are distinguished by some vertex of S, i.e., for every 
u,v E V{G) there exists s E S such that dciu^s) ^ dG{v,s). A local metric generator with 
the minimum cardinality is called a local metric basis for G and its cardinality, the local 
metric dimension of G, is denoted by dim;(G). The following main results were obtained in 

ra. 

Theorem 1. [20] Let G be a nontrivial connected graph of order n. Then dim/(G) = n — 1 
if and only if G is complete, and dim/(G) = 1 if and only if G is bipartite. 

The clique number uj{G) of a graph G is the order of a largest complete subgraph in G. 

Theorem 2. [50] Let G be connected graph of order n. Then dim;(G) = n — 2 if and only 
if uj{G) = n — 1. 

The local metric dimension of graphs has been previously studied in P [TOl [TTl l20l |2^ |23] . 
In particular, it was shown in [TO] E] that the problem of computing the local metric 
dimension is NP-Complete. This suggests hnding the strong metric dimension for special 
classes of graphs or obtaining good bounds on this invariant. In this paper we study the 
problem of hnding exact values or sharp bounds for the local metric dimension of strong 
product graphs. 

We begin by giving some basic concepts and notations. For two adjacent vertices u and 
V of G = {V, E) we use the notation u ~ n and for two isomorphic graphs G and G' we 
use G = G'. For a vertex v of G, Ng{v) denotes the set of neighbors that v has in G, i.e., 
Ng{v) = {u E V ■. n ~ v}. The set Ng{v) is called the open neighborhood of v m. G and 
Ng[v] = Ng{v) U {n} is called the closed neighborhood of v in G. 

We will use the notation Kn, Cn, W and for complete graphs, complete bipartite 
graphs, cycle graphs, empty graphs and path graphs, respectively. 

The strong product of two graphs G = (Vi, Ei) and H = (V 2 , E 2 ) is the graph G^H = 
{V, E), such that V = V 1 XV 2 and two vertices (a, b), (c, d) E V are adjacent in G Kl iP if and 
only if 

a = c and bd E E 2 , or 
b = d and ac E Ei, or 
ac E El and bd E E 2 . 

We would point out that the Cartesian product G\I\H is a subgraph of G Kl FT and for 
complete graphs Kr ^ Kg = K^s- 

One of our tools will be a well-known result, which states the relationship between the 
vertex distances in G K1 FF and the vertex distances in the factor graphs. 

Remark 3. [TB] Let G and H be two connected graphs. Then 

dGmH{{a, b), (c, d)) = ma.x{dG{a, c),dH{h, d)}. 

For the remainder of the paper, dehnitions will be introduced whenever a concept is 
needed. 
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2 General Bounds 

We begin by giving general bounds for the local metric dimension of strong product graphs. 

Theorem 4. Let G and H he two connected graphs of order ni > 2 and n 2 > 2, respectively. 
Then 

3 < dim/(G M H) < ni ■ dim;(i/) + n 2 ■ dim;(G') — dim;(G') ■ dim/(if). 

Proof. Let Vi and 14 be the set of vertices of G and H, respectively. We claim that S = 
{Vi X S 2 ) U {Si X 14 ) is a local metric generator for G Kl if, where Si and S 2 are local metric 
basis for G and if, respectively. 

Let {ui,Vj), {uk,vi) G 14 X 14 — S be two adjacent vertices of G Kl if. If i = k, then 
Vj and vi are adjacent in if and there exists b E S 2 such that dGmH{{ui,b), {ui,Vj)) = 
dnib^Vj) 7 ^ dnibyVi) = dGmH{{ui,b), {uk,vi)). So, {ui,Vj) and {uk,vi) are distinguished by 
{ui, b) G (14 X S 2 ) C S. Analogously, if j = I, then Ui and Uk are adjacent in G and 
there exists a G Si such that dG{a,Ui) 7 ^ dG{a,Uk) and, as above, {ui,Vj) and {uk,vi) are 
distinguished by {a,Vj) G (Si x I 4 ) C S. Finally, if UiUk G Ei and VjVi G E 2 , then for any 
a G Si such that dcia, Ui) 7 ^ dcia, Uk) we have 

dG^H{{ui,Vj), {a,Vj)) = dG{ui,a) 7 ^ dG{uk,a) = max{dG{uk, a), 1 } = dGmH{{a,Vj), {uk,vi)). 

Thus, {ui,Vj) and {uk,vi) are distinguished by {a,Vj) G Si x I 4 C S. Then we conclude 
that S is a local metric generator for G Kl if and, as a consequence, dim/(G Kl if) < |S| = 
ni ■ dim/(if) + n 2 ■ dim/(G) — dim/(G) ■ dim/(if). 

To prove the lower bound, let ii be a local metric basis of G Kl if. Given {ui, Ui) G B, 
chose u* G Ng{ui), v* G Nh{vi) and dehne 

W = {(u*,vi), (ui,v*), (u*,v*)}. 

Since (ui,ui) is not able to distinguish any pair of adjacent vertices in W, there exists 
(U 2 , V 2 ) e B - {(ui, Vi)}. Let 

q= min {dG^H((u2,V2),(a,b))}. 

(a,b)eW 

Now, as dG^Hiic-, b), (u 2 , V 2 )) G {q,g + 1} for every (a, b) G W, by Dirichlet’s box principle, 
there are two vertices (xi,yi), (x 2 ,y 2 ) G W such that 

dGmH((u2, V2), {xi,yi)) = dGmH{{u2, V2), {x2, 2 / 2 ))- 

Hence, B — {{ui, ui), (^ 2 , U 2 )} 4 0) ^ind the result follows. □ 

Since if„j Kl if „2 = ifn^.na and for any complete graph if„, dim/(if„) = n — 1, we deduce 

dim/(if„j K 1 = m ■ n2 - 1 = Ui ■ dimfKn^) + U2 ■ dim/(if„J - dim/(if„J ■ dim/(if„2). 

Therefore, the upper bound is tight. Examples of non-complete graphs, where the upper 
bound is attained, can be derived from Theorem [TOl 

In order to show that the lower bound is tight, consider two paths Pt and P//, where 
t' < t < 2t' — 1, V{Pt) = {ui, U 2 , ■ ■ ■, Ut} and u* ~ Ui+i, for every i G {1,..., f — 1}. 
Also, take vi,vt' G V{Pt') such that (^i, n//) = f — 1. It is not difficult to check that 
{(mi,ui), {ut'yVf), ('U/,ui)} is a local metric generator for Pt Kl Pf, so that Theorem 0] leads 
to dim/(Pt K P/') = 3. 
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3 The Particular Case of Adjacency /c-Resolved Graphs 

Now we will give some results involving the diameter or the radius of G. The eccentricity 
e{v) of a vertex n in a connected graph G is the maximum distance between v and any other 
vertex u of H. So, the diameter of G is dehned as 

D{G) = max {e(n)}, 

v&V{G) 

while the radius is defined as 

r(G') = inin {e(n)}. 

veV{G) 

Given two vertices x and y in a connected graph G = (G, E), the interval /[x, y] between 
X and y is dehned as the collection of all vertices which he on some shortest x — y path. 
Given a nonnegative integer k, we say that G is adjacency k-resolved if for every two adjacent 
vertices x,y E V, there exists w E V such that 

dciy, w) > k and x E I[y, tc], or 
dcix, w) > k and y E I[x, w]. 

For instance, the path and the cycle graphs of order n {n > 2) are adjacency [l]- 
resolved, the two-dimensional grid graphs PrGiPt are adjacency ([§1 + fl])-resolved, and 
the hypercube graphs Qk are adjacency /c-resolved. 

Theorem 5. Let H be an adjacency k-resolved graph of order n 2 and let G be a non-trivial 
graph of diameter D{G) < k. Then dimi(G ^ H) < n 2 ■ dim;(G). 

Proof. Let Vi = {ui,U 2 , ...,Uni} and V 2 = {vi,V 2 , be the set of vertices of G and if, 

respectively. Let Si be a local metric generator for G. We will show that S' = 5*1 x V 2 is a 
local metric generator for G^H. Let (ui, Vj), {ur, vi) be two adjacent vertices of G^H. We 
differentiate the following two cases. 

Gase 1. j = 1. Since n* ~ Ur and Si is a local metric generator for G, there exists u E Si 
such that dcini^u) 7 ^ dc{ur,u). Hence, 

dGmH{{UuVj),{u,Vj)) = dG{Ui,u) ^ dG{Ur,u) = dGmH{{Ur,Vj),{u,Vj)). 

Gase 2. Vj ~ vi. Since H is adjacency /c-resolved, there exists v E V 2 such that {dniv, vi) > k 
and Vj E I[v,vi\) or {dniv^Vj) > k and vi E I[v,Vj]). Say dniv^vi) > k and Vj E I[v,V}\. In 
such a case, as D{G) < k, for every u E Si we have 

dGmH{{ui,Vj), {u,v)) = max{dG{ui,u),dH{vj,v)} 

< dH{v,vi) 

= max{dG{u,Ur),dH{v,vi)} 

= dGmH{{Ur,Vi), {u,v)). 

Therefore, S' is a local metric generator for G Kl if. □ 

Lemma 6. Let H be a connected bipartite graph of order greater than or equal to three. 
Then H is adjacency k-resolved for any k E {2,.., r{PI)}. 
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Proof. Let x,y,w G V{H) such that x ~ y and du^x^w) = for some k G {2,r(iL)}. 
Since H does not have cycles of odd length, dniw, y) ^ k. Thus, either dn^w, y) = dn^w, x) + 
dnix, y) = k + 1 OT dniw, x) = dniw, y) + dniy, x) = k. Therefore, the result follows. □ 

Now we derive a consequences of combining Theorem O and Lemma O 

Theorem 7. Let G and H be two connected non-trivial graphs. If H is bipartite and D{G) < 
r{H), then dimi{GMH) < |l/(iL)| dimi(G). 

As we will show in Theorem [TTl the above inequality is tight. 


4 The Role of True Twin Equivalence Classes 

Two vertices u and n of a graph G are true twins if Ng[u\ = Ng[v]. Note that if two vertices 
u and n of a graph G are true twins, then dc^x, u) = dci^x., n), for every x eV {G) — {n, v}. 
We define the true twin equivalence relation 77 on V(G) as follows: 

xlZy <—^ Ng[x] = NG[y]. 

If the true twin equivalence classes are Ui,U 2 , ...,Ut, then every local metric generator of G 
must contain at least \Ui\ — 1 vertices from f/j, for each i G {1, Thus the following 

result presented in [ 20 ] holds. 

Theorem 8. [20] If G is a nontrivial connected graph of order n having t true twin equiva¬ 
lence classes, then dim/(G) > n — t. 



Figure 1: This graph has t = 7 true twin equivalence classes; two of them are {1,2} and 
( 8 , 9} and the remain classes are singleton sets. A local metric basis is (1, 9} while a metric 
basis is {1, 5, 9}. Thus, dim;(G) = n — t = 2<3 = dim(G). 


Note that the complete graph has only one true twin equivalence class and in any 
triangle-free graph all the true twin equivalence classes are singleton. As an example of non- 
complete graph G of order n having t true twin equivalence classes, where dim/(G) = n — t, 

we take G = Ki+ > 2, I > 2. In this case G has t = l-\-l true twin equivalence 


classes, n = 1 -|- G and dim;(G) = — 1) = n — t. Figure [T] shows another 

example of graph where the bound given in Theorem [8] is reached. 


Lemma 9. Let G and H be two non-trivial connected graphs of order ni and n 2 , having ti 
and t 2 true twin equivalent classes, respectively. Then the vertex set of G^ H is partitioned 
into tit 2 true twin equivalent classes. 
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Proof. First of all, we would point out that for any a G V{G) and b G V{H) it holds 

NGmH[{a,b)] = {{x,y) : x G NG[a],y G Nnib]} = A^gH x Nnib]. 

Now, since the result immediately holds for complete graphs, we assume that G ^ Kn^ 
or H Kn 2 - Let Ui, U 2 , ■■■, and U[, U 2 ,..., be the true twin equivalence classes of G 
and H, respectively. Since each Ui (and f/j) induces a clique and its vertices have identical 
closed neighbourhoods, for every a,c EUi and b,d E f/j, 

A'gkh[(«,^)] = NgIo] X Nnlb] = Ng[c\ x Nnld] = NGmH[{c,d)]. 

Hence, V{G) x V{H) is partitioned as V{G) x V{H) = Ujli (Ui=i ^ Uj)i where Ui x Uj 
induces a clique in G^ H and its vertices have identical closed neighbourhoods. Moreover, 
for any (a, b) E Ui x f/j and (c, d) E Uk x U'l, where i ^ k or j I, we have 

NG^H[{a,b)] = NgIo] X Nnib] 7 ^ Ng[c] x Nnid] = Ng^hHc, d)]. 

Therefore, the true twin equivalence classes of G ^ H are of the form Ui x f/j, where i E 

{1, and j G {1, ..,^ 2 }. □ 

We would point out that the above result was indirectly obtained in [2l], proof of 
Theorem 2.3. 

Theorem [S] and Lemma [3 directly lead to the next result. 

Theorem 10. Let G and H be two non-trivial connected graphs of order ni and n 2 , having 
ti and t 2 true twin equivalence classes, respectively. Then 

dim;(G' Kl H) > nin 2 — tit 2 . 

By Theorems fll ITI and fTOl we deduce the following result. 

Theorem 11. Let G and H be two non-trivial connected graphs of order ni and n 2 , having 
ti and t 2 true twin equivalence classes, respectively. Then the following assertions hold: 

(i) //dim;(G') = ni — ti and dim/(iL) = n 2 — t 2 , then dim/(G Kl iL) = nin 2 — ^ 1 ^ 2 - 

(ii) //dim;(G) = Ui—ti and H is bipartite, then n 2 {ni—ti) < dim;(G'Klil) < n 2 {ni—ti)-\-ti. 

Since any complete graph Kn has only one true twin equivalence class. Theorem [TTl leads 
to the next result. 

Corollary 12. Let H be a connected graph of order n' > 2 having t true twin equivalent 
classes. Then for any integer n>2, 

dimi{Kn M H) = nn' — t. 

In particular, if H does not have true twin vertices, then 

dim;(iL„ M H) = n'{n — 1). 

Note that if H is an adjacency A:-resolved graph, for k > 2, then H does not have true 
twin vertices. Therefore, Theorems [10] and [5] lead to the following result. 
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Theorem 13. Let H he an adjacency k-resolved graph of order 77-2 and let G be a non-trivial 
connected graph of order ni, having ti true twin equivalence classes and diameter D{G) < k. 
//dim;(G) = ni — ti, then dim;(G Kl if) = 77 , 2(771 — ti). 

Our next result can be deduced from Corollary [6] and Theorem [13] or from Theorems [TOl 
and [7l 

Theorem 14. Let H he connected bipartite graph of order 772 and let G be a non-trivial 
connected graph of order ni, having ti true twin equivalence classes. If dimi{G) = ni — G 
and D{G) < r{H), then dim;(G M H) = 772(771 — ti). 

5 The Particular Case of Pt MG 

In this section we assume that t is an integer greater than or equal to two and V{Pt) = 
{ui, 772,, Ut}, where Ui ~ Wj+i, for every — 1}. In the proof of the next lemma 

we will use the notation Br{x) for the closed ball of center x G V{G) and radius r > 0, i.e., 

Er{x). = { 7 / G V{G) : dG{x,y) < r}. 

Lemma 15. Let G be a connected graph and let t > 1 be an integer. Let ... ,Ui^ be 

the first components of the elements in a local metric basis of Pt^G, where h < *2 < • • • < 4. 
Then the following assertions hold. 

(i) 72 < D{G) + 1 and 4-i >t — D{G). 

(ii) For any I G {1,... ,b - 2}, b +2 < 2D{G) + ii. 

(hi) 73 < 2D[G) + 1. 

Proof. Let i? be a local metric basis of Pt^G and let 77jj, 77 * 2 ,..., 77^ be the hrst components 
of the elements in B, where h ^ *2 < • • • ^ 4- First of all, notice that \B\ = b and, by 
Theorem m b>3. 

We hrst proceed to prove (i). Suppose, for the contrary, that 72 > D{G) + 1. Let 
y,z E V{G) such that {ui^^y) G B and z G Nciy). If ii 7 ^ 1, then no vertex in B is able 
to distinguish ( 771 , 7 ;) and ( 771 , 2 ;). Now, if ii = 1, then no vertex in B is able to distinguish 
( 772 , y) and ( 772 , ^). So, in both cases we get a contradiction. The proof of 7fe-i Pt — D{G) 
is deduced by symmetry. Hence, (i) follows. 

To prove (ii) we proceed by contradiction. Suppose that h+2 > 2 D{G) + 7; for some I G 
{ 1 ,..., 6 — 2 }. In such a case we have that h+i > D{G)-\-ii or h+2 > F)(G)+ 7 ;+i. We suppose 
that 7;+i > D{G) + 7;, being the second case analogous. We now take y,z eV(G) such that 
{uii^.^,y) E B and z G Nciy). Notice that {u^+D{G),y) and {ui^+D(^G)G) are adjacent.We 
differentiate the following cases for (774, w) E B. If k < I, then h + D{G) — ik > D{G) and 
so 

dptmG{{ui,^,w), {u^+D{G),y)) = L + D{G) — ik = dp^^G{{ui^,ui), {uii+D{G),z))- 
If k = I + 1 and h+i 7 ^ h+ 2 , then w = y and since h+i > D{G) + ii, we have 

dptKiG((M 4 , 77 ;), {uii+D{G),y)) = ik — ii — D{G) = (iptKiG((M 4 , 77 ;), {u^+b{g)^z)). 

\f k = I + 1 and 7;+i = h+ 2 , then from the assumption h +2 > 2D{G) + ii we have that 
ik — ii — D{G) > D{G) and so 

dptmG{{Ui;^,U!), {Uii+D{G),y)) = ik — ii — D{G) = dp^^G{{Ui;^,w), {ug+D{G), z)). 
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If A; > / + 2, then the assumption > 2D{G) + ii leads to ik — ii — D{G) > D{G) and so 
dptKiG(('W4, u>), {ui^+D{G),y)) = h — ii — D{G) = dptKiG(('W4, w), ('Uj,+p(G), 2 :)). 


Hence, no vertex in B is able to distinguish {ui^+D{G)Ty) from {ui^+D{G)G), which is a con¬ 
tradiction. Therefore, the proof of (ii) is complete. 

Finally, we proceed to prove (hi). If fi = 1, then by (ii) we obtain < 2D{G) + 1. 
Hence, we assume that ii > 1. For contradiction purposes, suppose that > 2D{G) + 1. 
We differentiate two cases for {ui^,vi), {ui^,V 2 ) G B. 

Case 1: -|- ^2 — 2 > dG{vi,V 2 )- In this case |i3j^_i(pi) fl Bi^_i{v- 2 )\ > 2 and so we take 

a, 15 E Hj^_i(pi) n i3j2-i('i’2) such that a ^ j5. For the pair of adjacent vertices (tti, a), {ui, j5) 
we have 

dpMG{{uh,Vi), {ui,a)) = G-1 = dp,mG{{uii,Vi), (^i,/?)) 


and 


dptmG{{Ui 2 i '^2)1 {uii «)) — *2 — 1 — dpjKIG(('Wj2^2)5 / 5 ))- 


So, neither {ui^,Vi) nor {ui^,v- 2 ) distinguishes {ui,a) from (-Ui,/?). Furthermore, for v > 
*3 > 2D{G) -|- 1 and (-Uj^, Vr) E B we have 


dptmG{{Uir,G), («!,«)) =ir-l= dp^sG{{Ui^,Vr), 


Therefore, no vertex {ui^,Vr) E B distinguishes (mi, a) from {ui, 15), which is a contradiction. 
Case 2: fi + *2 — 2 < d{vi, V 2 ). In this case we have 


(£I(G)-|-2 — ii)-\-{^D{G)-\-2 — * 2 ) — 2D{G)-\-2 — (^ 1+^2 — 2) > 2D{G)-\-2 — d{yi,V2) ^ D{G)-\-2. 


Hence, there exist a,j5 E Bp(^G)+ 2 -h{vi) fl Hp(G)+ 2 -j 2 ('^ 2 ) such that a 15. For the pair of 
adjacent vertices {ud(^g)+ 2 , ct), ('Wd(g)+ 2 ,/d) we have 

dptmG{{uii,Vi), (md(g)+ 25 ct)) = D{G) + 2 — ii = dp^sG{{uii,Vi), (ttp(G)+2, f5)) 


and 


dptmG{{ui^,V2), (md(g)+2, «)) — D{G) + 2 — i2 — dpjKiG(('*^j2 W 2 ), {'^d(g)+2, (5)) 

So, neither {ui^,Vi) nor {ui^,V 2 ) distinguishes {ud(^g)+ 2 , ct) from ('Up(G)+ 2 ,/d)- For ir > is > 
2D{G) + 1 and (-Uj^, Vr) E B we have 


dpt^Gii'^ir^ G), ('Wd(G)+25 «)) — ir — {D{G) + 2) — dp^^G{{UirjG), {uDiG)+2, (5)) ■ 

Thus, no vertex {ui^,Vr) E B distinguishes (mp(g)+ 2 ,«) from ('Up(G)+ 2 ,/d), which is a contra¬ 
diction. □ 

Theorem 16. For any connected G and any integer t > 2D{G) + 1, 


dim;(Pt Kl G) > 
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t-l 

mc) 


+ 1 . 



Proof. Let B he a local metric basis oi Pt^G and let , Wjj) ■ ■ • > '^ib t*® the first components 
of the elements in B, where < • • • < 4- We differentiate two cases. 

Case 1. b odd. In this case 6 — 1 is even and by Lemma fTHl (i) and (ii) we have 
^2 ^ “1“ 1) *4 ^ 3D[G) + 1, ..., ib—i ^ {b — 2')D[G) + 1. 

Case 2. b even. In this case 6 — 1 is odd and by Lemma 115] (iii) and (ii) we have 
^3 < 2D{G) + 1, i5< 4L'(G) + 1, ..., ib-i < (6 - 2)D{G) + 1. 

According to the two cases above and Lemma [15] (i) we have 

t - D{G) < ib-i <{b- 2)D{G) + 1. 


Therefore, b > -|- 1. □ 

From now on we say that a set W C Id(G Kl H) resolves the set X C 1/(G Kl H) if every 
pair of adjacent vertices in X is distingnished by some element in W. 

Lemma 17. Let G and H be two connected nontrivial graphs such that H is bipartite. Let 
Ui,U2,U3 G V{G) and Vi,V2 G V{H) such that U2 G Ic[ui,U3\, dc{ui,U2) < dH{vi,V2) = 
D{H) and dG{u2,u^) > L){H). Then, for any shortest path P from Ui to U2, the set B = 
(n2,^^2), resolves V{P) x V{H). 

Proof. Let F be a shortest path form ui to U2 and let (ttj, Vj), {uk, vi) G V(G^B) be two adja¬ 
cent vertices snch that Ui, Uk G V{P). Withont lost of generality, we assnme that dciui, Ui) < 
dciukyUi). Notice that from this assnmption we have that dciui^u^) > dciuk^u^). We dif¬ 
ferentiate the following two cases: 

Case 1: Ui ~ Uk. As dG{u 2 ,uz) > D{H) and Ui,Uk G V{P), we have D{H) < dG{us,Uk) < 
dG{u3,Ui) and so dGmH{{u3,Vi), {Ui,Vj)) = dG{u3,Ui) > dG{u 3 ,Uk) = dG^H{{u3,Vi), {Uk,Vi)). 

Case 2: i = k. In this case Vj ~ vi and, as Lf is a bipartite graph, dH{vi,Vj) ^ duiyi, vi) and 
dH{v 2 ,Vj) 7 ^ dH{v 2 ,vi). We assnme, withont lost of generality, that dH{vi,Vj) < dH{vi,vi). 
Notice that 


dH{vi,Vj) -1- dH{Vj,V2) > dHivi,V2) = D{H) > dG{ui,U2) = dG{ui,Ui) -d dG{Ui,U2). 
Hence, dH{vi,Vj) > dG{ui,Ui) or dH{vj,V 2 ) > dG{u 2 ,Ui). If dH{vi,Vj) > dG{ui,Ui), then 

dG^H{{Ui,Vi),{Ui,Vj)) =dH{Vi,Vj) <dH{Vi,Vi) = dGSH{{Ul,Vi),{Uk,Vi)). 

Now, if dH{vj,V 2 ) > dG{u 2 ,Ui), then dH{vi,V 2 ) > dG{u 2 ,Ui) = dG{u 2 ,Uk) and so 

dGmH{{u2,V2),{Ui,Vj)) =dH{v2,Vj) J^dH{v2,Vi) = dGSH{{u2,V2),{Uk,Vl))■ 
AcCOTdmg to the cases above, the result follows. 

Theorem 18. For any connected bipartite graph G and any integer t > 2D{G) + 1, 

t-1 


dimiiPtMG) = 


D{G) 


+ 1 . 


□ 
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Proof. Let G and Pt be as in the hypotheses. From a = 
a,b G V(G) we dehne a set as follows. 


t-i 

D(G) 


and two diametral vertices 


If a = then 

Ba = {(mi, a), {ud{G)+1j b), {u2D(G)+1, o), ('W3n){G)+l, b), . . . , {UaD{G)+l, ^)} 


for a is odd and 


Ba — {("Wl, a), {Ud{G)+1, b), {u2D{G)+1: o); (%n)(G)+l, b), . . . , (Ma_D(G)+l, «)} 

for a even. 

If a < then 

Ba = {(mi, a), (md(G)+1 , b), {u 2D{G)+1, a), {u3D{G)+1, b), . . . , {UaD{G)+l, b), {ut, a)} 
for a odd and 


Ba — {{ui, a), (Md(G)+1! b), (m2D(G)+15 of: {'03D{G)+1, b), . . . , {UaDiG)+l, «) , {ut, b)} 


for a even. We wonld point ont that, in any case, \Ba\ = 


t-i 

D(G) 


+ 1 . 


[Ui 


We will show that Ba is a local metric generator for Pt Kl G. In order to see that, let 
,Vj) and {uk,vi) be two adjacent vertices belonging to V{Pt Kl G) — Ba- We consider. 


withont lost of generality, that i < k and we differentiate the following three cases for k. 


• I < k < D{G) + 1. Let Ti = {ui, . .., ud{g)+i} xV{G). In this case (n*, vj), {uk, vi) G Ti 
and, by Lemma fT7l the set {(ni,a), {uD{G)+i:b), (n 2 D(G)+i! o)} C Ba resolves Ti. 

• pD{G) + 2 < k < {p + 1)D{G) + 1, for some integer p G {1, ...,a — 1}. Let Tp = 

{'OpD{G)+i: ■ ■ ■, '*^(p+i)D(G)+i} X V{G)■ fhis case (wj, Vj), {uk, vi) G Tp and we can take 

x,y E: {o, 6} so that Xp x), (upD{G)+i:y): (^(p+i)D(G)+i 5 ^)} is a snbset 

of Ba- Thns, by Lemma [T7] we can conclnde that Xp resolves Tp. 


• aD{G) + 2 <k<t. Let Tt = {uaD{G)+i, ■ ■ ■ ,Ut}xV{G). As above, {ui,Vj), {uk,vi) G Tt 
and we can take x,y E {a, b} so that the set Xt = {(M(Q,_i)i:)(G)+i, a;), {uaD{G)+i: y): {ut: a^)} 
is a snbset of Ba. Thns, by Lemma fT7l we can conclnde that Xt resolves Tt. 


According to the three cases above we have dim;(Pi Kl G) < 
Theorem [in] we conclnde the proof. 


t-i 

D(G) 


+ 1. Therefore, by 

□ 


The anthors of [23] conjectnred that for any integers t and t' snch that 2 < t' < t, the 
metric dimension of Pt Kl Pt' eqnals . We are now able to prove the conjectnre. 

Theorem 19. For any integers t and t' such that 2 <t' <t, 


dim (Pi K Pt' ) 


t + t' -2 
V -I 


Proof. As pointed ont in Section [21 for F < f < 2t' — 1, dimi(Pi Kl Pp) = 3. Now, since 
dimi(Pi Kl Pf) < dim(Pi Kl Pp), if f > 2t' — 1, then by Theorem [18] we obtain the lower 
bonnd dim(Pt Kl Pf) > . The npper bonnd was obtained in [23]- Therefore, the 

resnlt follows. □ 
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6 The Particular Case oi Ct^G 


In this section we assnme that t is an integer greater than or eqnal to three and V{Ct) = 
{ui, U2, ..., Ut}, where Ui ~ Ut and m* ~ Wj+i, for every i G {1 ,..., t — 1 }. 

Lemma 20. Let G be a connected graph and lett > 3 be an integer. Let ■ ■ ■ ? 

first components of the elements in a local metric basis of Ct G, where < *2 < • • • < 4- 

Then for any I G 6}, < 2D{G), where the subscripts of i are taken 

modulo b. 


Proof. Let S be a local metric basis oiCt^G and let Ui^,Ui^,..., Ui^ be the first components 
of the elements in B, where = 1 < ^2 < • • • < 4- First of all, notice that \B\ = b and, by 
Theorem 01 6 > 3. 

We proceed by contradiction. Snppose that > 2D{G) for some I G 

6}. In snch a case we have that dcfiu^^^^Uif) > D{G) or dct{u^^^,Ui^^J > D{G). 
We suppose that dct{ui^^.^,Uifi > D{G), being the second case analogous. We now take 
y,z & V{G) such that y) E B and z G Ndy). Notice that u) and z) 

are adjacent. We differentiate the following cases for {uii^,w) E B. If k I + 1, then 
dcfiui^+D{G),Uik) > D{G) and so 

{u^+D{G),y)) = dct(,Ui^+DiG):Uif^) = dctmG{{ui^:w)y {'^^k+DiG), z)). 

If k = I + 1 and p+i 7^ b +2 then w = y and since dcfiui^^^^Uif) > D{G), we have 

dGmG(,{Ui^,w)^ i'^il+D{G),y)) = dct{Uif^,Ui^+DiG)) = dct^GdUi^: w) ^ i'>^ii+D(G), z)). 

If k = I + 1 and p+i = b +2 then from the assumption dct{u^^.^,Uif) > 2D{G) we have that 
dcXui^,Ui^+D{G)) > D{G) and so 

dGt^G{{Ui^^w)-:{'^il+D{G)-,y)) = dct{Ui^-,U^+D{G)) = C^CtKIG((nij^,'w), ('Uj(+D(G), 2:)). 

Hence, no vertex in B is able to distinguish the adjacent vertices {u^^+D{G)■, y) and {u^^^D(G )1 
which is a contradiction. Therefore, the proof is complete. □ 

Theorem 21 . For any connected graph G and any integer t > 1 , 

t 


dim;(C't Kl G) > 


D{G) 


Proof. If 3D{G) > t > 1, then 


D{G) 


< 3 and, by Theorem 01 the result follows. From 


now on we take t > 3D{G). Let ^ 42 ,..., Ui^ be the first components of the elements in 
a local metric basis H of Kl G, where H = 1 < ^2 < • • • < 4- First of all, notice that 
t + 1 — ift_i = dct{uh,Ui^_t) and so Lemma [ 20 ] leads to ib-i > t + 1 — 211(G). We now 
differentiate two cases. 


Case 1. b even. In this case 6 — 1 is odd and by Lemma 1201 we have 

is ^ 2Z)(G) + 1, I 5 ^ 4Z1(G) + 1, ..., ib—i ifi — 2)Z)(G) + 1. 
Hence, f + 1 — 2D{G) < fi-i < {h — 2)D{G) + 1, so that b > 
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Case 2. b odd. By Lemma 1201 we have 


Z 3 < D(^G) + 1, *4 ^ 3Z)(G) + 1, ..., ib ^ {b — 1)Z)(G) + 1. 
Now, since t + i 2 — h = dctiui^^Ub) < 2D{G), we have 

12 < 2D{G) — t + ib < {b + 1)D{G) — t + 1. 


Hence, 


*2 ^ — t + 1, ^4 ^ + S)D(^G) — t + 1, ..., ib—i ^ (2b — 2)Z)((j) — t + 1. 

Thus, t + 1 — 2D{G) < ib-i < {2b — 2)D{G) — t + 1, so that b > Q 

Theorem 22 . For any connected bipartite graph G and any integer t > 4D(G), 


dimi(Gt Kl G) < 


t 


+ 1 . 


Furthermore, if 


D(G) 


is even, then 


dim;(Gt Kl G) 


t 


Proof. Let G and Gt be as in the hypotheses. From a= 
a,b G V (G) we dehne a set as follows. If a is even, then 


and two diametral vertices 


Ba — {(itl, a), {ud{G)+ 1, b), {u2D{G)+1, a), {u 3D(G)+1, b), . . . , {u(a-l)D(G)+ly ^)} 
and, if a is odd, then 


Ba — {("^ 1 , a), {ud{G)+ 1, b), {u2D{G)+1, o); {u3DiG)+l, b), . . . , (W(a-l)D(G)+l5 «)! ('^^(a-l)D(G)+l! b)}. 

Notice that \Ba\ = a, for a even, and \Ba\ = a + 1, for a odd. We will show that B^ 
is a local metric generator for Gt S G. In order to see that, let {ui, Vj), {uk, u;) be a pair of 
adjacent vertices belonging to V{Gt Kl G) — B^. We consider, without lost of generality, that 
i < k and we differentiate the following three cases for k. 


• 2 < k < D(G) + 1. Let Ti = {mi, ..., ud(g)+i} x H(G). In this case (m,, Vj), {uk, vi) G Ti 
and, by Lemma fTTI the set {(rii,a), {uD{G)+i,b), (ti 2 D(G)+i! o)} C Ba resolves Ti. 

• pD{G) + 2 < k < {p + 1)D{G) + 1, for some integer p G {1,...,« — 2}. Let Tp = 
{upD{G)+i, ■ ■ ■ ,U{p+i)D{G)+i} X V{G). In this case {ui,Vj), {uk,vi) G Tp and we can 
take x,y G {a,b} such that Xp = {('ii(p_i)^(G)+i, x), (MpD(G)+i, 2 /), (w(p+i)d(G)+i, a:)} is 
a subset of Ba- Thus, by Lemma [IT] we can conclude that Xp resolves Tp. 

• {a — 1)D{G) + 2<k<t+l. Let Tt = {m(q,_i)d(g)+i, ■ ■ ■, Wt+i} x V{G). In this case, 
{ui,Vj), {uk,vi) G Tt and we take the set Xt = {(m(«_i)d(g)+i, &), {ui,a), {ud{g)+i, b)} C 
Ba. By Lemma [T7I we can conclude that Xt resolves Tt. 


According to the three cases above Ba is a local metric generator for G* Kl G and so 
dimi(Gt Kl G) < \Ba\. Therefore, by Theorem ITT] we conclude the proof. □ 
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